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In this paper are presented the effects of Lorentz violation in superconductivity. Constructing a Lorentz-
Violating Ginzburg-Landau theory of superconductivity we discuss the influence of the Lorentz-Violating ten-
sor kˆia in the London’s depth penetration, in the coherence length and in the critical magnetic field. We also
study the behavior of the magnetic field inside the superconductor for two different geometries, cylindrical and
rectangular.
I. INTRODUCTION
In the last years possible extensions of the Standard Model
(SM) have been studied and, in this context, Lorentz and CPT
symmetries breaking are now considered as an important topic
of discussion [1–6]. Usually, the Lorentz symmetry is broken
by introducing privileged directions in space-time, expressed
through some additive terms which are proportional to small
constant vectors or tensors. The most well established model
that consider the effects of Lorentz and CPT symmetry viola-
tion is the Standard Model Extension (SME) [5, 6], an effec-
tive field theory which include in its lagrangian all possible
terms that violate Lorentz and CPT symmetries.
An extension of the scalar sector considering Lorentz-
Violating effects was proposed by Kostelecky [7]. Such model
present a general effective scalar field theory in any spacetime
dimension containing explicit perturbative spin-independent
Lorentz violating operators of arbitrary mass dimension. The
importance of this construction relies on the fact that the great
majority of the fundamental particles of the SM have spin, be-
ing the Higgs boson the only example of a fundamental spin-
less particle in the SM. In spite of the minor role played by the
scalar sector of QED (sQED), in comparison to strong interac-
tion, in describing coupling betweenmesons, it was argued [8]
that a Lorentz-violating extension of sQED could be an effec-
tive way of treating small CPT deviations in neutral-mesons
oscillations.
Potential applications of Lorentz and CPT violating models
range from quantum field theory to condensed matter physics.
Such interface between Lorentz-violating models and con-
densed matter physics have received great attention specially
in the context of Weyl semimetals [9–12], superconductivity
[13], graphene with anisotropic scaling [14], dark matter and
black holes analog models [15, 16], among others.
The Ginzburg-Landau (GL) theory of superconductivity is
an effective quantum field theory construction that can explain
several important aspects of superconductivity [17]. Although
initially thought as a phenomenological theory, the GL theory
can be interpreted as a limiting case of the Bardeen-Cooper-
Schrieffer (BCS) theory of superconductivity [18]. Supercon-
∗Electronic address: job.furtado@ufca.edu.br
ductivity in Weyl semimetals [19–21] as well as in carbon
based nanostructures such as graphene and fulerene [22, 23]
are topics often addressed in the literature due to their possi-
ble applications in technological improvement. However the
study of superconductivity in a more theoretical framework
such as superconductivity in astrophysics [24, 25], cosmol-
ogy [26, 27] and in high energy physics [28, 29], for example,
has been intensively discussed in the last years.
In this study we consider the Lorentz-violating complex
scalar sector proposed by Kostelecky [7] coupled minimally
with the gauge field, the usual Maxwell term as the gauge
sector and λ|φ|4 promoting the spontaneous symmetry break-
ing. The Lorentz-violating parameters can be interpreted
as defects or layers in the superconductor, giving rise to an
anisotropy in the system.
This paper is organized as follows: in the next section we
present our model, discussing the discrete symmetries and the
Lorentz-violaing extension of the Ginzburg-Landau theory for
superconductivity. In the section III we discuss the supercon-
ductive and insulating cases for the contributions from kˆ
µν
c and
kˆ
µ
a . Finally, in section IV we highlight our conclusions.
II. MODEL
The model we are considering consists of the Lorentz-
violating complex scalar sector proposed by Kostelecky [7]
coupled minimally with the gauge field, the usual Maxwell
term as the gauge sector and λ
4
|φ|4 potential promoting the
spontaneous symmetry breaking. Hence the Lagrangian de-
scribing the system is
L = Gµν(Dµφ)∗Dνφ − m2φ∗φ −
λ
4
(φ∗φ)2
− i
2
[φ∗kˆµaDµφ − φkˆµa(Dµφ)∗] −
1
4
FµνFµν, (1)
where Dµ = ∂µ − ieAµ is the usual covariant derivative, Fµν =
∂µAν − ∂νAµ and the tensor Gµν = gµν + (kˆc)µν is composed
by the Minkowski metric tensor gµν = diag(1,−1,−1,−1) and
a Lorentz-violating constant tensor (kˆc)
µν. The tensors (kˆc)
µν
and kˆ
µ
a promotes the violation of the Lorentz invariance by
breaking the equivalence between particle and observer trans-
formations. Such tensors, assumed to be constant, imply the
2independence of the space-time position, which yields transla-
tional invariance assuring the conservation of momentum and
energy. Note that while the tensor (kˆc)
µν is dimensionless, the
tensor kˆ
µ
a has dimension of mass.
Regarding the analysis of the discrete symmetries on the LV
tensors kˆ
µ
a and (kˆc)
µν, the results are summarized in the table.
As we can see the tensor kˆ
µ
a is CPT-odd while (kˆc)
µν is CPT-
even. The PT symmetry is always preserved, however effects
of CP violation can be saw with the kˆ0a and (kˆc)
0i components.
It is important to highlight here that the kˆia violates charge,
partity and time reversal symmetries simultaneously.
C P T CPT
kˆ0a - + + -
kˆia - - - -
(kˆc)
00, (kˆc)
i j + + + +
(kˆc)
0i + - - +
In the static condition the Lagrangian becomes:
L = Gi j(Diφ)∗(D jφ) − µ2φ∗φ −
λ
4
(φ∗φ)2
− i
2
[φ∗kˆiaDiφ − φkˆia(Diφ)∗] −
1
4
Fi jF
i j. (2)
Hence, −L is the Lorentz-ViolatingGinzburg-Landau free en-
ergy. Note that the mass parameterm2 was written as µ2 which
is now considered as a temperature dependent system param-
eter µ2 = a(T − Tc) near the critical temperature T = Tc. In
this context φ is the macroscopicmany-particlewave function.
The physical interpretation of φ as a many-particle wave func-
tion is justified by the Bardeen-Cooper-Schrieffer (BCS) the-
ory, which states that, upon certain conditions, there is an at-
tractive force between electrons, and field quanta are electron
pairs, which are, of course, bosons. At low temperatures the
field quanta fall into the same quantum state (Bose-Einstein
Condensation), and due to this, we can use a many-particle
wave function φ to describe the macroscopic system.
The equations of motion for the complex scalar field and
gauge field are:
Gi j
[
−∂i∂ j − 2ieA j∂i + e2AiA j − ie(∂ jAi)
]
φ∗ +
−µ2φ∗ − λ
2
|φ|2φ∗ − ekˆiaAiφ∗ + ikˆia∂iφ∗ = 0 (3)
Gi j
[
−∂i∂ j + 2ieA j∂i + e2AiA j + ie(∂ jAi)
]
φ +
−µ2φ − λ
2
|φ|2φ − ekˆiaAiφ − ikˆia∂iφ = 0. (4)
ieGmi(φ∗∂iφ − φ∂iφ∗) + 2e2GmiAi|φ|2 − ekˆiaδik |φ|2 +
+∂k∂
kAm − ∂k∂mAk = 0. (5)
The ground state is obtained by minimizing the potential
V(φ∗, φ), defined as,
V(φ∗, φ) = µ2|φ|2 + λ
4
|φ|4. (6)
At T > Tc, µ
2 > 0 and the minimum free energy is at |φ| = 0.
But when T < Tc, µ
2 < 0 and the minimum free energy is at
|φ|2 = −2µ
2
λ
> 0. (7)
Note that the lagrangian (2) possess an obvious U(1) sym-
metry, so that
φ → φ′ = e−iαφ (8)
Ai → A′i = Ai − 1
e
∂iα, (9)
with α ∈ R. Noether’s theorem states that for any given con-
tinuous symmetry there is a conserved quantity in connection.
The probability current yields
ji(x) = −iGi j(φ∗∂ jφ − φ∂ jφ∗) + [−2eGi jA j + (kˆa)i]|φ|2. (10)
When T < Tc and φ varies only very slightly over the sample,
the second term dominates over the first, so that,
~j = −Γ2 ~G + Γ
2e
~κ. (11)
with ~G = Gi jA j, ~κ = (kˆa)
i and
Γ = −4eµ
2
λ
(12)
The constant Γ is positive definite. The electric field is defined
as ~E = −∂~A/∂t = 0 and the Ohm’s law defines resistance
by ~E = R~j, so, we have two possible solutions, i.e., R = 0
(superconductive case) or ~j = 0 (insulating case).
A non-trivial solution for the insulating case occurs when
~κ , ~0. Thus, without loss of generality, let us consider kˆ
i j
c = 0,
so that, ~G = ~A. Then, the insulation condition ~j = ~0 gives us
~A =
1
2eΓ
~κ. (13)
This condition impose that the potential vector and the
Lorentz-violating vector κ must be collinear. The static condi-
tion impose a zero electric field. Taking curl in both sides of
(13) we have
~B =
1
2eΓ
(∇ × ~κ). (14)
As an immediate consequence note that if κ is a constant or ir-
rotational vector then (14) renders ~B = 0. From the Faraday’s
law we confirm that the magnetic field must be static while
Ampere-Maxwell equation leads to ∇ × ~B = 0. Now, taking
curl in (14) we obtain
∇(∇ · ~κ) − ∇2~κ = 0. (15)
The above equation sets the condition for ~κ in order to guar-
antee an absence of electric current inside the material.
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FIG. 1: Magnetic field behaviour inside a cylindrical superconductor of radius R = 4.5 mm. The color map represents the magnitude of the
magnetic field, |~B| and the arrows represent the direction of the field. In the first two figures κz = κ0
[
1 − (r/R)2
]
with (a) In Γ = 103/m and (b)
Γ = 104/m. In the figure (c) κz = κ0
[
r −
(
r3/3R2
)]
with Γ = 104/m.
III. SUPERCONDUCTIVE CASE: R = 0
In this section we will study the superconductive case (R =
0) for both kˆ
i j
c and kˆ
i
a Lorentz-violating terms. In the context
of GL theory of superconductivity, three important properties
can be obtained, namely, the coherence length, the critical
magnetic field and the London’s penetration depth.
In order to obtain the coherence length of the superconduc-
tor we have to solve the equation of motion for φ considering
the following boundary conditions: in the surface of the super-
conductor we must have φ = 0 and deep inside the material
φ = φmax, so that φmax is practically constant, which means
that ∂iφmax = 0. Hence, the highest density of superconduct-
ing electrons occurs as usual at |φmax|2 = −2µ2/λ. Thence, it
is straightforward to find that
|φ|2 = |φmax|2 tanh2

√
2x
2ξ
 , (16)
with the coherence length ξ being given by
ξ =
√
~2
2m∗|µ2| , (17)
where m∗ = 2me, being me the effective electron’s mass. The
factor of 2 takes into account the fact that the φ field stands
for Cooper pairs.
The critical magnetic field, i.e., the maximum value of H
that do not destroy the superconducting state, is not modified
by the presence of the LV contributions. So that the behaviour
of the magnetic field as a function of temperature does not
change (type-I superconductor), and the value of the critical
magnetic field is given by:
Hc =
√
2µ4
µ0λ
. (18)
Differently from the coherence length and the critical mag-
netic field, the London’s penetration depth is modified by the
presence of the LV contributions kˆ
i j
c and kˆ
i
a. In this work we
will consider only the contribution from kˆia. The contribution
from kˆ
i j
c will be addressed in a future work.
A. Contribution from kˆia
Let us consider the case when kˆ
i j
c = 0. In this caseG
i j = gi j,
which means that we are studying the effects of kia. When
R = 0, the Ampere-Maxwell equation gives us ∇ × ~B = ~j,
from which we take a curl remembering that ∇ · ~B = 0, which
yields,
−∇2~B = −Γ2~B + Γ
2e
(∇ × ~κ). (19)
If ~κ is a constant or irrotational vector field, then ∇ × ~κ = 0,
hence we obtain
∇2~B = Γ2~B. (20)
In this case, the solution for Bi = B0e
−Γxi , specifies the usual
London’s depth penetration, which is proportional to Γ−1. The
London’s depth penetration can also be interpreted as a con-
sequence of a massive photon.
We investigated the behaviour of the magnetic field inside
the superconductor for two different geometries: cylindrical
and rectangular. We consider very long structures in the z-
direction in order to be able to disregard edge effects. We
solved the equation (19) numerically through a pseudo tran-
sient finite difference technique. In this method, we write the
equation (19) to be solved in the form ∂t~B = ∇2~B − Γ2~B +
Γ
2e
(∇×~κ) = ~0. We proceed with the discretization of the equa-
tion both in space and in time (δt must be chosen < (δx)2)
and we iterate over the field until the convergence criterion is
reached.
We used a square simulation window with 108 points to
discretize the equation (19) and set the convergence criteria
for the components of the magnetic field below 10−20.
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FIG. 2: Magnetic field behaviour inside three different square superconductors of side R = 9 mm and Γ = 104/m. ~κz = κ0
[
1 − (r − r0)2 /R2
]
:
(a) r0 = 0 mm, (b) r0 = 1 mm and (c) r0 = 2 mm.
We considered the initial solution as ~B = ~0 T inside the
material and ~B = eˆ1 T on the outside. We also consider that
the material has radius R = 4.5 mm in the cylindrical case and
side R = 9 mm in the case of a square rod.
Analyzing initially a cylindrical superconductorwith radius
R = 4.5mm whose symmetry axis is along the z axis, we con-
sider an external magnetic field of intensity B0 = 1T pointing
along the x direction. We imposed the constant magnetic field
outside the material ~B = eˆ1 T, while inside the material, we
considered the field being described by the equation (19). For
the figures (1a) and (1b) we chose ~κ = (1 − r2/R2)zˆ such that
∇×~κ , 0 and the values of Γ are Γ = 103m−1 and Γ = 104m−1,
respectively. We chose ~κ to be entirely along the z direction
in order to mimic the experimental structure of a thin film de-
position. As expected, by comparing figures (1a) and (1b)
we can see that the depth of the magnetic field penetration is
modified as we change the value of Γ. However, an interesting
feature is the fact that for Γ = 103m−1 the breaking of isotropy
becomes evident due to the presence of the vector ~κ.
Another important topic to be highlighted is that the non-
vanishing ∇ × ~κ , 0 gives rise to a vortex of the magnetic
field inside the superconductor. The figures (1a) and (1b) were
constructed with the same ~κ = ~κ(~r), but for different values for
Γ, and we can see a different behaviour of the vortex inside
the superconductor. By comparing the figures (1b) and (1c)
we can see that a modification in the vector ~κ(~r) promotes a
change in the magnetic’s field vorticity.
We also addressed the effects of the Lorentz-Violating ~κ
vector in the behaviour of the magnetic field inside a square
superconductor. The same boundary conditions were applied
for this case, i.e., constant magnetic field outside the material
~B = eˆ1 T, while inside the material, we considered the field is
described by the equation (19).
Similarly to the behaviour of the magnetic field inside the
cylindrical superconductor, by varying the value of Γ we
change the London’s depth of penetration of the magnetic field
inside a square superconductor. Also if we kept Γ fixed and
vary the function ~κ(~r), we change the magnetic’s field vortex
inside the square superconductor.
The figure (2) shows the behaviour of the magnetic field
inside a square superconductor of side R = 9 mm and Γ =
104/m. We choose ~κz = κ0
[
1 − (r − r0)2 /R2
]
and set three
different values for r0, namely, r0 = 0 mm (fig 2a ), r0 = 1 mm
(fig 2b ) and r0 = 2 mm (fig 2c ). As we can see, by changing
the value of r0 we dislocate the center of the magnetic’s field
vortex.
The figure (3) presents the magnetic’s field behaviour when
we consider a ~κ = kzzˆ with kz ∈ [0, κ0] randomly distributed.
For this case we set Γ = 103/m for (fig 3a), Γ = 103.25/m for
(fig 3b) and Γ = 103.5/m for (fig 3c). In this case the magnetic
field starts to exhibit a brownian behaviour as we increase the
value of Γ.
IV. FINAL REMARKS
In this work we study the effects of Lorentz violation in
superconductivity considering a complex scalar sector pro-
posed by Kostelecky and Edwards [7] coupled minimally with
the gauge field, the usual Maxwell term as the gauge sec-
tor and λ|φ|4 promoting the spontaneous symmetry breaking.
Constructing a Lorentz-Violating Ginzburg-Landau theory of
superconductivity we discuss the influence of the Lorentz-
Violating tensor kˆia in the London’s depth penetration, in the
coherence length and in the critical magnetic field.
We have shown that the the coherence length and the crit-
ical magnetic field are not affected by the Lorentz-Violating
tensors kˆia and kˆ
i j
c . However the London’s depth penetration is
modified. In this work we consider only the contribution from
kˆia in the modification of the London’s depth penetration.
For a constant or irrotational ~κ = kˆia we obtain the usual
superconducting behaviour. However when we consider a
position-dependent ~κ(~r), vorticity and anisotropy effects arise.
In order to investigate the influence of the Lorentz-Violating
tensor kˆia in the London’s depth penetration we solve the equa-
tions for the magnetic field inside the superconductor numeri-
cally for two different geometries, cylindrical and rectangular.
Considering a constant magnetic field outside the material
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FIG. 3: Magnetic field behaviour inside a square superconductor of side R = 9 mm for three different values of Γ of a random distribution of
κz (ranging from 0 to κ0): (a) Γ = 10
3/m, (b) Γ = 103.25/m and (c) Γ = 103.5/m.
~B = eˆ1 T we have shown that the presence of vorticity arises
regardless the value of Γ, while the anisotropy induced by the
presence of~κ becomes evident only for certain values of Γ. We
also have shown that the function ~κ(~r) controls the magnetic’s
field vorticity inside the superconductor.
Finally we addressed the case of a randomly distributed ~κ =
kzzˆ with kz ranging from 0 to a finite value κ0. In this case the
magnetic field starts to exhibit a brownian behaviour as we
increase the value of Γ.
Some future perspectives include the computation of the
contribution from kˆ
i j
c and the consideration of holes in the su-
perconductors.
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